Droplet motion is important in discrete microfluidic operations as well as in emerging site-specific cooling techniques based on electrowetting. The present work reports on carefully characterized experiments that map the shape, advancing and receding contact angles, and contact area of droplets sliding under gravitational actuation as a function of droplet size and velocity. A pseudo-Lagrangian methodology based on the Volume Of Fluid -Continuous Surface Force (VOF-CSF) model is developed to simulate droplet motion down an incline. The model is benchmarked against 2D stationary reference-frame simulations. The terminal velocity of droplets on an incline is predicted and is in good agreement with inhouse experimental measurements. The effect of using different contact angle models on the terminal velocity predictions is investigated. The numerical solution is highly sensitive to the contact angle boundary condition. The internal fluid motion in moving droplets is also explained.
Introduction
Droplet transport is critical in self-cleaning applications [1] , microassays [2] and microfluidic devices [3] . The main advantage of miniaturizing assays and bioanalytical tools include improved performance, speed and reduced costs, as well as the ability to perform parallel and integrated analysis [4] [5] [6] . Hydrophobic coatings aid in the reduction of retarding forces (surface tension and viscous forces) on the droplet [7] . A careful study of the droplet motion on hydrophobic surfaces is essential to understanding and improving performance in these applications.
There has been a long-standing debate on whether a droplet rolls or slides down an inclined surface. Yarnold [8] was the first to visualize the fluid flow on the surface of a mercury droplet by observing the dust particles on the droplet as it slid down an incline. Based on these observations, Yarnold proposed that the velocity of the top surface was greater than the net droplet motion, and hence the droplet appeared to roll. Alle and Benson [9] later injected a dye into mercury to visualize the droplet motion down an incline and found similar results.
More recently, the motion of water droplets on hydrophobic surfaces has been investigated [9] [10] [11] [12] [13] [14] . The droplet motion was captured using high-speed visualization coupled with image analysis. Sakai et al. [10] studied the rolling/sliding behavior of water droplets on a variety of hydrophobic surfaces. They determined the rolling versus sliding behavior of water based on the motion of single indicator particles entrained in the droplets. A similar technique was used by Song [11] to study water droplet motion on superhydrophobic methyl-terminated organosilane-modified silicon wafer surfaces. The droplet size and surface hydrophobicity were found to determine the mode of droplet motion.
Sakai et al. [12] employed Particle Image Velocimetry (PIV) to visualize the internal fluidity of droplets sliding down hydrophobic surfaces. The PIV analysis was further used by Suzuki et al. [13] to understand the slipping and rolling components of the sliding velocity and acceleration of water droplets, based on the motion of the advancing edge and the PIV analysis, respectively. Sakai et al. [14] measured advancing and receding angles at two different flow rates using the so-called expansion and contraction method. The advancing angle was seen to decrease as the radius of the droplet increased. Although not noted in the paper, this is likely due to the decreased droplet velocity at larger radii for a given flow rate, which would reduce the contact angle. The velocity dependence of contact angle, which has been shown to be important in [15] , was measured. All the measurements were made at the center plane of the droplet and hence the three-dimensional flow pattern could not be identified.
Various numerical methods are in use to study multiphase flows and the interfacial phenomena involved. These include Arbitrary Lagrangian Eulerian (ALE) techniques [16] , the boundary integral method [17] , adaptive grid methods [18] , and fixed grid techniques such as the level set [19] and the volume of fluid (VOF) [20] methods. The VOF approach has been among the more popular tools for studying bubble and droplet dynamics [21] .
Afkhami and Bussmann [22] developed a height function-based VOF model and showed the use of VOF in predicting droplet shape 0017-9310/$ -see front matter Ó 2011 Elsevier Ltd. All rights reserved. doi:10.1016/j.ijheatmasstransfer.2011.10.028 during impact on a flat surface and droplet motion down an incline [23] . The effect of inclination angle on the shape of the droplet and the contact angle distribution along the contact line was determined. The implementation of a dynamic contact angle model was presented but no experimental comparisons were made. Further, the surface considered was not hydrophobic. To the authors' knowledge, experimentally validated simulations of droplets sliding on hydrophobic surfaces do not appear to be available in the literature. In related work by the authors, VOF simulations of sessile, static droplets on an incline were compared to experimental measurements [24] . Droplet shape and critical sliding angle were predicted for different sizes of water droplets resting on a smooth PTFE (polytetrafluoroethylene) surface. Predictions of the critical inclination angle for sliding were found to be within 1°of the experimental measurements. These studies indicate that the VOF technique can be a useful technique in understanding droplet dynamics.
In the present work, we consider the internal fluid motion in droplets moving at their terminal velocity on an inclined surface. Experimental observations of contact angles and terminal velocity of water droplets sliding on PTFE surfaces are first reported. A new approach to computing the terminal velocity condition using the VOF-CSF method is described. The numerical methodology is first verified against a two-dimensional stationary reference frame solution and then used to simulate water droplets sliding down a PTFE surface at terminal velocity; the resulting internal flow patterns are discussed.
Materials and methods
Experimental measurements of the droplet profile and the advancing and receding contact angles are obtained at different droplet sizes and surface inclinations. The test surfaces used in the experiments are identical to those described in Annapragada et al. [24] . The experimental setup consists of a movable tilt stage for mounting the test surfaces, along with a high-speed camera for imaging from the side. The working fluid is de-ionized water. The surface is tilted to the desired angle of inclination and the experiment is initiated by dispensing a known volume of liquid gently on the PTFE-coated glass slide upstream of the field of view of the camera. The droplet attains terminal velocity before it passes through the field of view of the camera. This is verified by ensuring that the velocity remains constant as the droplet passes through the field of view of the camera. Images are captured at 1000 fps using a high-speed camera (Photron Fastcam Ultima APX). The experimental setup is shown in Fig. 1 . The images are post-processed using MATLAB [25] to obtain the droplet profile and advancing and receding contact angles. The uncertainty in volume measurement of a 10 ll droplet is 24 lm 
Numerical simulation
In the current work the VOF-CSF framework in FLUENT [26] is used. A custom contact-angle model is implemented by means of user-defined functions to capture the contact angle variation as a function of velocity. A pseudo-Lagrangian methodology, described below, is developed to reduce the domain size and hence the computational time. The VOF-CSF method itself is described in detail in Annapragada et al. [24] . In the current model, volume fraction smoothing is used to reduce the spurious velocities at the interface associated with the VOF method [27, 28] . Smoothing is performed by averaging the volume fraction based on the neighboring cell volume fractions. However, over-smoothing could result in smearing of the interface to more than two cells. A smoothing relaxation value of 0.25 to prevent over-smoothing was found to be optimal.
Pseudo-Lagrangian methodology
The VOF method belongs to the class of Eulerian methods which are characterized by a stationary mesh. The droplet motion simulations require a large computational domain spanning tens of droplet lengths to simulate a droplet starting from a stationary state and reaching terminal velocity. The droplet at any point of time occupies only a small part of this domain and the computations in the domain far from the droplet do not affect the droplet motion but add to computational time. This problem is avoided by shifting to a moving reference frame. The new methodology developed here computes the flow in a reference frame following the droplet. This allows a much smaller domain to be used and reduces the computational time per iteration. In this reference frame, the droplet would appear stationary and the surface below and the air around the droplet move in a direction opposite to that of the droplet motion. A no-slip boundary condition with a time-varying velocity profile is specified at the bottom wall. The velocity of this wall is updated at each time step to render the droplet stationary. Terminal velocity is considered to have been reached when no further updates of the wall velocity are necessary.
The flowchart for the methodology is shown in Fig. 2 . The leading and the trailing edges are tracked as a function of time. For the calculation of terminal velocity, the droplet location is approximated as the average of the leading and trailing edge locations. Since the spatial resolution is no better than one computational cell, the location of the leading or trailing edge is taken to be that of the cell center in which the leading or trailing edge is respectively present. Hence a droplet is said to move only when the edge of the droplet changes cell location. The velocity of the reference frame, i.e., the surface and air velocity, are updated based on the change in droplet location given by:
where C V is a constant, V T is the current reference frame velocity and V T0 is the reference velocity at the previous time step. The velocities in the domain are shifted to the new reference frame as:
Since the reference velocity of the domain changes over time, the current reference frame is treated as an accelerating reference frame. Hence a pseudo-force is included as a source term in the discrete i momentum equation, and is given by:
In the current methodology the reference frame lags the droplet motion by one time step in updating the reference frame. When the droplet reaches terminal velocity, the droplet reference frame and the numerical reference frame are identical and hence the droplet is stationary in the numerical reference frame. This is considered the final steady state in the droplet frame of reference.
Geometric model and initial and boundary conditions
A hybrid grid is used for the droplet simulations with square orthogonal cells in the region of the droplet motion and an unstructured grid farther away. Fig. 3 shows the initial shape of the droplet along with the surrounding mesh at the symmetry plane. A hemispherical cap of the required droplet size and material is initialized in the domain. The droplet/air interface in the figure is shown at a = 0.5 where a is the VOF volume fraction.
Acceleration due to gravity is applied throughout the domain and is based on the angle of inclination of the surface being simulated. Utilizing droplet symmetry about the x-y plane (z = 0 mm), only half of the domain is modeled and the results mirrored for presentation. The solid surface at the bottom (y = 0 mm) along with the right-side boundary (x = x max ) are given a velocity V T in the x-direction. On boundaries at which flow leaves the domain, the specified pressure is treated as the stagnation pressure; at outflow boundaries (x = x min ), the specified pressure is assumed to be the static pressure [26] . The top boundary (y = y max ) is specified as a wall with zero shear simulating a far-field boundary.
Contact angle model boundary condition
The VOF-CSF model requires contact angles to be specified as a boundary condition, and therefore an accurate specification of the dynamic contact angle (DCA) variation along the contact line is necessary. To demonstrate the importance of the dynamic contact angle model, three different contact angle models are assessed by comparison against experimental measurements of terminal velocity obtained with water droplets moving down a smooth, inclined Teflon surface. The models are plotted as a function of the local capillary number along the contact line (Fig. 4) . The description of the models is as follows:
1. The two step static contact angle (SCA) model:
In the SCA model, a fixed advancing contact angle is applied to the leading part (ṽ CL Án > 0) and a fixed receding contact angle to the trailing part (ṽ CL :n < 0) of the contact line, whereṽ CL is the local contact line velocity andn is the normal to the contact line.
The dynamic contact angle (DCA) model:
The DCA model is based on the experimental measurements made in this work. Rio et al. [29] showed that the DCA along the interface depends only on the capillary number based on the velocity normal to the contact line. Hence, the DCA models developed for advancing and receding contact angles can be utilized to define contact angles all along the interface. The contact angle is specified as a function of the capillary number defined by Although a no-slip boundary condition is applied at the dropletsolid wall interface in the VOF simulations, slip is required at the contact line for the droplet interface to move. Recently, Afkhami et al. [30] showed evidence of the dependence of the contact line motion on the grid size at the interface and proposed a meshdependent contact angle (MDCA) model to solve this mesh -dependence problem. Their correction to the DCA model is given by:
where K is a constant (with a dimension of length) that depends on the slip model, D is the grid size, h num is the applied contact angle and h app is the DCA. This model is based on the three-region theory (molecular region or slip region, intermediate region and macroscopic region) at the contact line proposed by Cox [31] . Cox matched asymptotic solutions between adjoining regions to arrive at a constitutive relation between the contact angle in the molecular region (contact angle at the wall) and that in the macroscopic region (h app ). This dependence of contact angle on slip length has been shown earlier by many researchers [37, 38, 44] . The correlations of Cox-Voinov [32] and Sheng and Zhou [33] were based on Cox's method. A brief review of the Cox theory is given in Afkhami et al. [30] .
Results and discussion
Experimental results for the velocity-dependence of the advancing and receding contact angles for water droplets moving on a PTFE surface are presented. The modeling technique described above is validated against 2D stationary reference frame simulations. The model is then used to predict the droplet motion at terminal velocity for water on PTFE. The predicted terminal velocity and the associated droplet shapes are validated against the experimental results. The internal fluidity of the droplets at terminal velocity is briefly examined.
Experimental observations
Images of de-ionized water droplets of 5, 7.5 and 10 ll volume are captured as they slide down the surface held at inclinations of b = 30°, 45°and 60° (Fig. 5) . Experiments were performed for all combinations of inclination angles and droplet volumes. However, results are only presented for those angles of inclination and droplet volumes for which the droplet experiences motion. The omitted test cases fall below the critical angle of inclination for the droplets and hence there is no droplet motion. As b increases, the velocity increases, as does the advancing contact angle, while the receding contact angle decreases. This effectively increases the contact angle hysteresis, i.e., the difference between the advancing and receding contact angles. The average contact angle of the water droplets on a horizontal PTFE surface is observed to be 120°, which matches previously reported measurements. The uncertainties in the measurement of contact angle and droplet velocities are estimated to be 1°and 0.01 m/s, respectively.
The measured contact angles, h adv;dyn and h rec;dyn , are plotted against the capillary number in Fig. 6 . A number of dynamic contact angle (DCA) models are available in the literature, mainly for the advancing contact angle. Some of the important DCA correlation models [34] [35] [36] are summarized in Table 1 . Predictions from the empirical DCA models are compared with the experimental measurements in Fig. 7 . The Seebergh and Berg [36] predictions best describe the advancing DCA measurements from the present work. However, this model cannot be applied to receding DCA prediction as it cannot handle negative capillary numbers. A similar difficulty exists for the Bracke et al. [34] and Jiang et al. [35] models. Hence the Seebergh and Berg model was used for the advancing contact angle in the present simulations and is given by Eq. (5). As the Jiang et al. [35] can handle negative capillary number, a curve fit to the experimental measurements based on the Jiang et al. model was used for the receding contact angle, as shown in Fig. 6 and given by Eq. (6).
Numerical results and validation

2D droplet -comparison between droplet reference frame and stationary reference frame
The simulations using the new methodology are first compared with stationary droplet simulations of a 2D droplet sliding on a vertical surface. A two-dimensional droplet of radius 1 mm resting on a vertical surface with h rec = h adv = 120°is considered. A vertical body force acts on the droplet with an equivalent acceleration due to gravity of g static = 1.0 m/s 2 . The droplet slides along the surface and reaches steady-state terminal velocity. The Bond number (Bo ¼ qgd 2 r ) for the droplet is 10. The droplet motion is simulated in a stationary reference frame and in the droplet reference frame using the proposed numerical methodology. Identical mesh densities with grid size of 0.1 mm Â 0.1 mm in the droplet region are used for both simulations. A sample mesh for the droplet reference frame simulation is shown in Fig. 8 with a grid count of 2800. Table  2 summarizes the results from the two simulations. The terminal velocity, the distance travelled by the droplet in each simulation, and the simulation time are compared in the table. The two droplet velocity predictions are identical. The droplet in the stationary reference frame simulation requires a computation domain with 20,000 cells to reach terminal velocity. The computational time using the current numerical methodology reduces the simulation time sevenfold (on a 2.33 GHz Intel E5410 processor). The instantaneous location of the leading and trailing edges and the reference frame velocity for the droplet reference frame simulation are plotted as function of time in Fig. 9 . The fluctuations in the convergence behavior occur because of the relatively large velocity increment (C v ) of 0.015 m/s. Using a lower velocity increment was found to reduce the fluctuations. The required accuracy of velocity predictions and a reduction of the fluctuations in the convergence behavior are the criteria used in choosing the value Table 1 Empirical DCA models available in the literature.
Model Correlation
Bracke et al. [34] cos h0 Àcos hðtÞ 2ð1þcos h0 Þ ¼ Ca
1=2
Jiang et al. [35] cos h0 Àcos hðtÞ cos h0 þ1 of C v . The velocity profiles inside the droplet in the reference frame of the droplet from the two simulations are compared in Fig. 10 .
The maximum deviation in the velocity predictions is 3%, verifying the proposed numerical methodology.
Motion of deionized water droplets on a smooth PTFE surface
The numerical model is used to simulate the motion of water droplets down a smooth PTFE surface. The physical properties used in the simulations are viscosity (l) = 0.05 Pa s, density (q) = 998 kg/ m 3 and surface tension coefficient (r) = 0.0728 N/m. A structured grid with over 30 grid points spanning the droplet diameter and 18 spanning the height of the droplet is used to simulate the droplet. The total cell count in the domain is 316,386 cells. The contact angle boundary condition imposed in the model is based on the experimental DCA correlations given in Eqs. (5) and (6) . The capillary number in the correlations is based on the local normal contact line velocity. The parameter C V in Eq. (1) is again chosen to increment the velocity of the reference frame by 0.01 m/s. This value is 7% of V T for a 7.5 ll droplet sliding down a 60°incline, and is the resolution with which the terminal velocity can be determined in the current simulations. The terminal velocity is computed for three different droplet volumes (5 ll, 7.5 ll and 10 ll) at a 60°incline and is compared to experimental results in Table 3 . For the sake of brevity, validation cases are shown for varying droplet volume at a fixed angle of inclination. The relative deviation of the prediction from the experiment is also listed in the table. The predictions for higher capillary numbers match well with experiments. The lowest capillary number predictions deviate from the experiment by 50% but still are within experimental and numerical uncertainties. This large deviation is due to the extrapolation of the contact angle model to lower capillary numbers than for which it was developed. The applied contact angle thus deviates from the actual value, causing the simulation results to differ from the experiments. The droplet shape, footprint, height and contact length are extracted for a 10 ll droplet moving down a b = 45°incline, and predictions compared to experiment in Fig. 11 and Table 4 . The uncertainties in length in the experiments and the numerical simulations stem from the pixel resolution and the grid resolution and are 88 lm and 30 lm, respectively. The predicted droplet shape, and its length and height match the experiments to within the experimental and numerical uncertainties. The contact line of the droplet extracted from the simulation is shown in Fig. 12 . The contact line is colored with the local contact angle value imposed as a boundary condition. The contact line deviates from a circular shape as the droplet stretches along the direction of motion. 
Sensitivity of results to contact angle boundary condition
The sensitivity of the droplet motion to uncertainties in the imposed contact angle from the experiments is investigated by considering a 7.5 ll droplet moving down an incline (b = 60°).
Reducing the advancing contact angle by the amount of the experimental uncertainty of 0.5°, and increasing the receding contact angle by this same amount causes the predicted terminal velocity to increase by 25% to V T = 1.2 m/s. A simulation with the advancing angle increased by 0.5°and the receding angle reduced by the same amount resulted in a reduction in terminal velocity by a similar factor.
The large sensitivity to contact angle is explained by analyzing the corresponding change in surface tension force at the contact line of a 2D droplet. The surface tension force acting on the droplet (F ST ) is given by:
where Dh h is the contact angle hysteresis. The contact angle hysteresis for the 7.5 ll droplet moving on a 60°incline is 8°±1°; this uncertainty represents a change in the value of sin(Dh h ) of 12.4%. Thus, for the low contact angle hysteresis characteristic of hydrophobic surfaces, significant sensitivity to contact angle values is to be expected. Hydrophilic surfaces with typically larger contact angle hysteresis would not be prone to this sensitivity.
Given this sensitivity to contact angle, terminal velocity predictions from the different contact angle models described above are compared in Table 5 for a 7.5 ll droplet moving on a 60°incline. Two different meshes, of sizes 88 lm and 44 lm, were considered for the DCA and MDCA models. The overall cell counts were 316,386 and 1,265,544, respectively. All models predict the same droplet shape. The DCA and MDCA models also predict the experimental terminal velocity (0.12 m/s) well, but the SCA model underpredicts the terminal velocity by 3.5 times. Thus, it is recommended that both the droplet shape and the terminal velocity predictions should be validated against measurements.
The mesh-dependent contact angle model proposed by Afkhami et al. [20] was applied with values of K = 0.002. For the mesh sizes used, the applied contact angle changes by 0.5°when the mesh-dependent model was applied. A grid refinement study was carried out in which the mesh dependent model was evaluated with two levels of successively refined meshes with uniform grid sizes of 88 lm and 44 lm in the vicinity of the interface.
The terminal velocity results with these grids are shown after steady state is reached ( Table 5 ). The velocity predictions for both meshes are within the experimental uncertainty. The results of the grid independence study with the DCA model are also shown in the table. The predicted terminal velocity using a mesh with two levels of successive refinement is 0.14 m/s. The prediction is within the experimental uncertainty. For the present simulations, the contact angle corrections due to the mesh dependent contact angle model are small, and the model did not produce better results than the DCA model. A similar conclusion was drawn by Saha and Mitra [37] who observed that the mesh-dependent contact angle model improved the results only marginally in simulations of microfluidic capillary flows.
Rolling vs. sliding
The velocity vectors at various x-y cross-sections are now presented. The results presented are from the simulations using the coarse grid. Velocity vectors as the droplet moves at its terminal velocity are shown for a 7.5 ll water droplet on a 60°incline in Fig. 13 . Velocity vectors on x-y planes are shown in Fig. 13(a)-(c) at z = 0.0, 0.5 and 1.25 mm. A single circulating flow pattern is seen inside the droplet. The droplet is seen to roll on the surface. The center of the vortex is stationary at (x, y) = (0.58, 0.66) mm as the Table 5 Comparison of predicted droplet length, droplet height and terminal velocities for 
is (0.6, 0.67, 0.0) mm. This compares well with the vortex center location. This implies that the droplet center is stationary along the z-axis and changes only in a small region close to the air-water interface. A similar rolling flow pattern was observed experimentally using PIV by Sakai et al. [12] . The flow field in (white region) and around (gray region) the droplet is visualized using particle pathlines (Fig. 14) . The pathlines inside the droplet do not leave the droplet domain, as expected, and show a single, stable vortex inside the droplet. The flow of air far from the droplet surface is similar to flow over a sphere. The equivalent Reynolds number (q air V T D/l air ) based on the terminal velocity of the droplet is 30, which is in the laminar flow regime. In the reference frame of the droplet, an ''attached vortex'' is observed on the downwind side, which is similar to the expected Karman vortex flow pattern for Re = 30 [38] . The shear force exerted by the droplet on the air is large, which results in recirculation zones in the air close to the air-water interface.
Conclusions
Droplet motion on hydrophobic surfaces was studied by means of experiments and simulations. The advancing and receding contact angles of water droplets sliding on PTFE surfaces are characterized as a function of capillary number. The Seebergh and Berg correlation [36] best predicts the experimental advancing contact angle data, while a curve fit to the experimental measurements based on the Jiang et al. [35] model was used to describe the receding contact angle data.
A VOF-CSF numerical methodology based on a moving reference frame was developed to model the droplet motion on inclined hydrophobic surfaces. The model reduces computational time by an order of magnitude when compared to standard VOF droplet simulations in a stationary reference frame. The model was found to accurately predict the experimentally determined terminal velocity and droplet shape of water droplets moving on a PTFE surface. It was observed that the use of a dynamic contact angle (DCA) model for the contact angle boundary condition gave better predictions than the static contact angle (SCA) model. The recently published mesh-dependent contact angle model (MDCA) of Afkhami et al. [30] did not improve the predictions significantly. The prediction of terminal velocity for droplets on hydrophobic surfaces was observed to be highly sensitive to the contact angle model. The flow in and around the droplet was characterized. The droplet is seen to roll (rather than slide) based on the computed fluid motion inside the droplet.
